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Abstract. A detailed and comprehensive study of the one-impurity multichanne]l Keondo model
is presented. In the limit of a large number of conduction electron channels & > 1, the low-
energy fixed point is accessible to a renormalization group improved perturbative expansion
in 1/k. This straightforward approach enables us to examine the scaling, thermodynamics
and dynamical response functions in great detail and make clear the following features: (i)
the criticality of the fixed point, (ii) the universal non-integer degeneracy, and (iii) that the
compensating spin cloud has a spatial extent of the order of one lattice spacing.

1. Introduction

Recently, the pon-Fermi-liquid infrared fixed point of the multichannel Kondo model, which
describes a system of % identical conduction bands interacting with an impurity spin S, has
received considerable attention [1-18]. The interest is aroused by its potential application in,
the metallic glasses [1, 5, 13], and heavy-fermion uranium alloys [2—4] where more examples
have been found with their low-temperature behaviour falling outside the usual Fermi liquid
expectation [19, 20]. It is further enhanced by the more interesting observation of non-Fermi-
liquid behaviour in the normal state of the high-T;, cuprates [21,22] and its resemblance to
the low-energy behaviour of the multichannel Kondo mode] [6, 15].

Although this model is more than ten years old [23] and has been studied by various
methods [9, 14, 15,17,24-26], there is still room left for a simple interpretation of the
physics of the low-energy fixed point, which is often said to be non-trivial. This task is
easily achieved in the limit k 3> 1, where the low-energy fixed point has a value of order
1/& for the coupling constant and is accessible to a renormalization group (RG) improved
perturbative expansion in 1/k. Some physical quantities difficult to calculate by the other
methods are readily obtained by this perturbative approach and the results provide new
insight into the fixed point. That the nature of the fixed point remains qualitatively the
same when continuing & to small values as long as & > 25 has been demonstrated by the
results of the Bethe ansarz or the conformal field method [9,25,26]. In this paper, we
calculate z long list of physical quantities to leading or sub-leading order in 1/£. A simple
physical picture can be sketched based on these results and the previous understanding.

The underlying physics of the overscreened Kondo problem has been explained by
Noziéres and Blandin [23]. For an antiferromagnetic Kondo interaction between the impurity
spin and the conduction electrons, the impurity spin pulls in conduction electrons with
opposite spin. This increases the spin-flip exchange which in turn enhances the attraction
of the conduction electrons with opposite spins toward the impurity spin. The result of
this cooperative enhancement of the Kondo interaction tends to pull in one conduction
electron from each of the k channels to screen the impurity spin. However, unlike the case
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k = 28, the ground state with an infinitely strong effective Kondo coupling is unstable,
Since &k > 285, the conduction electrons would overscreen the impurity spin, resulting in a
composite object composed of % spin-aligned electrons antiferromagnetically bound with the
impurity spin. As shown by Nozieres and Blandin [23], the residual interaction between this
composite object with a net spin £/2 — § and the conduction electrons is antiferromagnetic,
and therefore will grow under renormalization. Additional conduction electrons must come
in to screen this composite object. The process keeps going on, resulting in a critical system.
It is important to realize that the system is only critical along the time axis. As short-time
details are averaged out, the system approaches a universal limiting behaviour governed by
the infrared fixed point. The impurity spin is asymptotically screened in the ground state,
which is a spin singlet. However, the infrared fixed point can be reached only in an infinite
system in which the energy levels form a continuum, in finite systems, the typical distance
between discrete energy levels, of order 1/L for a system of linear dimension L, cuts off the
scaling toward the fixed point. The ground state of a finite system has a residual spin and is
doubly degenerate. A common measure of the residual spin is /7 x(7) as the temperature
T — 0, where x(T) is the magnetic susceptibility. As we shall see, it is non-zero for a
finite system. We shall also show that the entropy as given by the coefficient of the linear
T term in the free energy is indeed In(2S + 1) for a finite system.

An intriguing feature of the multichannel Kondo model is that the entropy of an infinite
system reduces to a smaller universal value [10, 15,26} although the ground state is a spin
singlet. If the entropy is still defined as the logarithm of the ground-state degeneracy, the
ground state could have a universal non-integer degeneracy. Since the entropy is deduced
by calculating the free energy at a small but finite temperature T which cuts off the scaling
toward the fixed point, it is natural to relate the entropy to the effective residual spin at 7.
A necessary implication of this relation is that a tiny magnetic field will lift the degeneracy
at T — 0, as we shall see later.

Another interesting issue pertaining to all kinds of Kondo problem, either overscreened
or exactly screened, is the spatial size of the conduction electron screening cloud. This is
a point underlying the resonant level nature of the Kondo problems. Considering the one-
channe] Kondo problem, it is well known that below the Kondo temperature T the effective
Kondo interaction enters the strong-coupling regime. The energy gain from screening the
impurity spin is of order Tx. If the screening cloud formed a localized bound state with the
impurity spin, it would have a spatial spreading of vg/ Tk (3> 1/kp) [27]. NMR experiments
ruled out any conduction electron screening cloud bigger than one lattice spacing [28].
Although the physical argument for the screening cloud to have a size of 1/kp has been
given [29,30], here we calculate the Knight shift for the multichannel Kondo mode] and
explicitly show that the only length scale is 1/kz. We also explain why the same conclusion
can be extended to the exactly screened case of £ = 1.

The paper is organized as follows. In section 2 the multichannel Hamiltonian and the
Popov method are briefly recalled. In section 3, the general integral expression for the
conduction electron self-energy to order Q(k~*) is derived, which can serve as a future
reference. In section 4, the integrals in the self-energy are evalvated at 7 = 0 and the
results are used to derive the RG equation and the running coupling constant. In section 5,
the scaling solutions for the conduction electron scattering rate and resistivity are obtained.
The free energy is calculated in section 6, from which the specific heat and entropy are
deduced. The magnetic susceptibility and field-dependent magnetization are calculated in
section 7 for an equal-spin gyromagnetic ratio for the conduction electron and impurity
spin. The dynamical susceptibility for the impurity spin is calculated in section 8 and the
relaxation rate is deduced. The general case with different gyromagnetic ratios is considered
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in section 9. The Knight shift in the space surrounding the impurity spin is calculated in
section 10. The last section is devoted to a discussion of related issues. Some of the results
have been briefly reported in [15]. Some details for the dynamical spin correlation functions
are included in appendix B.

2. Popov technique

Without losing generality, we consider the local impurity to be a spin § = % The
multichannel Kondo Hamiltonian in the magnetic field is
J o
H= 3 (et ih)chycion + 2ish - S+ 523 3 chy=toopn - § m
s k¥ o

where S is a spin-1/2 operator, o, are the Pauli matrices, J is the Kondo interaction
strength and N is the number of lattice sites. We have set the conduction electron
gyromagnetic ratio and Bohr magneton equal to one so that the magnetic field # has
dimensions of energy. We have introduced a parameter wpgs to account for possible
differences between the conduction electron and impurity spin: pgs is equal to the
gyromagnetic ratio of the impurity spin divided by that of the conduction electron. We
shall adopt the usual cut-off scheme for the conduction electron band: —D < ¢, < D, with
a constant density of states p per spin per channel.
Representing the impurity spin in terms of pseudofermions

|
§= 5 Z fiauva
po=%

Popov made the observation that the Kondo Hamiltonian without imposing constraints on
the pseudofermions is disconnected in the pseudofermion charge sectors, i.e.

Z=Tre P = 2+ 2, + Z = Tré(iip)e™P¥ + Tro(i; — De P¥ + Trd(i; — 2)e™P4.
Among these three separate contributions, only Z; from the subspace

A=Y fife=1
o=+
is physical. Popov’s technique [31] is to add am imaginary chemical potential, iwg ==
i /(28), to the pseudofermions so that Zp+ 2Z; = Q. Using this trick, the partition function
in the path integral formalism can be represented as

i 5

z=| Dl c, f. — | drco+ H 2
f ICCff]exp( fo t(Lo + )) )

Lo=Y " Guudrciun + 3 FulBe + iwo) fi. &
[ NN I

There is no additional constraint. The standard perturbation method then follows from this
path integral representation. The impurities are assumed to be randomly distributed in space.
The averaging over the impurity distribution is done according to the standard recipe, as
in the case of the spinless impurities [32, 33], and we only keep contributions linear in the
impurity density n;. The Feynman rules for constructing diagrams are listed in appendix A.
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Figure 1. Feynman diagrams for the conduction electron self-energy. The arrows on the
propagators are marked only when they make a difference.
3. Conduction electron self-energy

The first thing we shall calculate is the conduction electron self-enersy in the absence of the
external magnetic field. Up to order J¥, /3% and 7842, the relevant diagrams are given in
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figure 1. The two subscripts in each term of the self-energy expansion indicate the powers
of J and k respectively. Since each conduction electron loop must contain at least two
interacting vertices, one can immediately convince oneself that all contributions up to order
&~% have been included in figure 1 when Jp is counted as 1/k. After lengthy algebra, the
final results at finite temperature are

B(iwn, T) = Lo + e + Zan + Zuo + Zen + Ze.2 €]
Za,0(in) = ——%%EJ %p f iwfe_ . (5)
3.0 (ieon) = %J?’pz f de de; % ©)
Santion) = 3¢ 7% [ = a)(iw:l E—d:)c(lff :fzéz Te—a) @
B (ion) = %ﬂpgf (iws — ;ied - (:;(e —ey e~ » ®

de| dep de deg 51

- 3 5 4 f €263
p> = ——J"0"%
enlien) = = TPk | e — e e —aye — e + ¢ — e —2)

_ %Jsp"kf deq dey des dey tanh(%ﬁ@) P,
32 (e1 — e2){(es — €3)(€1 ~ €2 + €4 — e3)(iwy — €4 + €2 — €])
. %Jsp“k f de) dea de; des tanh(3Bes) 022, ( 1 1 )
16 (€1 — €2)(iwn — €a)(icwp — €4+ €2 — €1}
de; den des deg tanh(%_Bq) [

€4 —€3 €2 — €3

— %ﬁpﬁc[ - (9)

128 (€1 — e2)(e) — &@)(ez — &)(iwy, — €4+ €2 — €1)

. _3m g 5.0 f de; dep des dey des
F620n) = =75 0 | Gaom — esder — e)(es — &0

[ Per Peres Peseres

(o, —€s+ €3 —€)(€) —€p+ €3 —€4) iy —€s+€ —€x+63—¢4
2 1

x { - 10
(lwn—€5+€3-64+61—62+€3—€4)] (10)

where the integration range is always [—D, D}. Whenever necessary, the above integrals
(and integrals throughout this paper) take the principal value. We have introduced the
following shorthand notations:
oo = fle)f(—e) + f(—€1) fle)

Pere, = flE3)f(—€q) f(—€5) + F(—e3) f(es) f(e5)

e, = J€1)f(—€2) f(—€3) — f—€1) fle) f(e3)
Pereres = fe) f(—€2)f(€3) f(—€a) f(—€35) + f(—e1) f(€2) F(—e3) flea) fg5)

where f(€) = 1/(e®¢ + 1) is the Fermi-Dirac function.
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4. Renormalization group equation and sclution

Under the analytic continuation iw, — @ +i0%, Z(w + i0t) = Z'(w) + iZ"(w). The
imaginary part of the self-energy EL"(ew) is proportional to the total scattering rate of the
conduction electron of energy w. At T = 0, the integrations in the imaginary part of the
self-energy (5)—(10) can be carried out and we obtain

B (w, D, g) = —gz(Po + Pign®@ + Pog?kIn@ + Psgk + Pag*n* & + Psg’kIn* B
+ Psg3k1nco + P1g’k + Peg*k? In? B + Pog®k* In& + Piog*k®) (1)

where ¢ = Jp and @ = w/D. Since we are only interested in the energy range w < D,
we have neglected terms of powers of @ in (11). All coefficients Py to Pyg are known:
P=1,PA=-2,P=1,P=h2-1, P, =3 P = —%, Po=5-3In2, =1,
Py, =2In2 — % The coefficients P and Py are not needed for deriving the RG equation
to sub-lteading order. However, they can be found from (9) and (10). Since we expect the
fixed _Point g* to be of order 1/% [23], our result (11} includes all contributions up to order
Ok™).

Since the dimensionless scattering rate deduced from (11} must be invariant under RG
transformation, we obtain the following equation:

3 3N o _
(alnD + ﬁ(g)é-g)pfl (@, D,2)=0. (12)

The beta function, B(g), of the Kondo interaction g can be deduced from (11) using the
standard RG technique [34]. Equation (12} can be regarded as an equation that generates
logarithmic series with fixed g:

pE"w, D, g) = —ﬁ(g)% f d(In D) p2"(w, D, g) + constant. (13

Substituting (11) into (13), the integration over In D can be carried out easily. Expressing
B(g) to sub-leading order as

B(8) = g*(ky + kagh + Kag + Kkag’k + k5g°k") (14)
and substituting it into (13), we obtain the following equations for the coefficients & to s

from (13) by equating order by order the coefficients of the polynomials on the left- and
right-hand sides:

Py
Ky = 5}-;; — —l (15)
P 1
=R 2 (1)
=0 {in
_ P5—4P3IC] _ 14+1In2
=T 2 s
—4
Ks = B—4Pa 1 (19)

2P 4
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There are three consistency equations
Py = %P]IC] Ps = 2Py -+ %P]lcz Py = 2Pko

which are all satisfied.
The beta function obtained can be written explicitly as

B(g) = —g*+ 1kg® + 1k(1 + In2)g* — LiPg’. (20}

The intermediate-coupling fixed point g*, determined by S(g*) = 0, and the slope of the
B(g) at the fixed point, are then easily found to be

2 2In2
*
=2(1-
£ k( k ) @h

2( 2
A=p@E)= E(l - -)- (22)

k

We find indeed g* ~ 1/k, thus allowing a reliable expansion in the £ — oo limit. The slope
A that determines the critical exponent is universal. The perturbative result (22) agrees with
the conformal field result 2/(k + 2) [9] up to sub-leading order in the 1/k expansion.

The running coupling constant gg(w) is determined by the differential equation

dgr
dlnw

= Blgr) (23)
with the initial condition gr{w = D} = g. With our perturbative A{g) of (20), the solution

of (23) covering the full range of energy scale from w <« T to @ 3> Tk can be obtained,
We rewrite (23) in the integral form

o griw) dg’ Er (e} dg’ -1
dlnw’=f —_— *f —— %  [14+&m2- 1.
fp L B %) ol e 2]

This leads to the full solution
w\2 kAS2
lgr(w) — g1 = g — &"| (5.;) [gr(@)] */ " e=2/sr@@ (24)

where Tx = Dg*? exp(—1/g). At @ < Tk, it has an asymptotic form of

A
gr{w) =g" - C(T%) ¢ =(g" — (gt R, (25)

For ap initial condition of weak coupling, g — 0 and D — o0, the constant ¢ =
(g*)1+k8/2e—A/2"  Prom (24), it is interesting to note that the running coupling constant
has a power law behaviour not only at low energy @ < Tk but also at high energy o > Ty,
underlying the critical nature of the system.
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5. Scattering rate and resistivity

To obtain the scaling solution for the conduction electron scattering rate pZ”, we can use
the RG invariance

pE"(w, D, gr(D) = g) = pE"(w, D', gr(D"). (26)

Choosing D' = @, the logarithmic terms in pZ” (w, w,gg(w)] of (11) drop out and the
scaling form for (11) is

Iz 3mny w\*
pE”(ﬂ), D, g) = —F[gﬁ(m) - (11— In 2)kg;(co)] ™~ w[l - Ao(};) ] (27)
where Ag = k{[1 — (4 — 6In2)/k). A similar RG procedure will be performed repeatedly
later. Note that instead of a Lorentzian frequency dependence in the exactly screened Kondo
problem, pX" ~ T2/(w? + T2), the scattering rate (27) has a cusp at @ = 0. At non-zero
temperatures, the cusp is expected to be smoothed out.

In order to calculate the resistivity, we need the temperature- and frequency-dependent
conduction electron relaxation time. Identifying the tramsport relaxation time due to the
Kondo exchange as T (w, T) = 1/[2E7(w, T)] since there is only s-wave scattering [32],
the total scattering rate is 1/7(w,T) = l/19 + 1/zes(@, T), where 1 is the ordinary
relaxation time in the absence of the Kondo interaction. The ordinary scattering 1/7 could
arise from spinless impurities or defects which are assumed to be located at different lattice
sites and uncorrelated with the impurity spins. A low impurity spin density is assumed,
ni < 1, such that o < Tex. The total relaxation time is substituted into the conductivity
expression [33]

2 poo 2 poo
o (T) = = f dw r(;u) i f dw tzo (1 S )
me Jo 2T cosh®(w/2T) ~ m. Jo 2T cosh*(w/2T) Ten (@)
(28)

with e, m. and n. denoting the conduction electron charge, mass and density respectively.
With our perturbative expression for ”(w, T) to order k=3 from (5}<(7), we find for the
resistivity due to Kondo scattering

3r m. N f = dx /T tanh % Yoo, D
== . b dv _ et
6pe(T) 16 Heezpnlg [ C()Sh2 %x g,[_g/r y X -y & kw *s T)

n m. 2 D
== 1+ 0, 82 2 ad
8 neetp S ( +0(g, g7} + Olg, gk} x In T) (29)
where
wls 2)_f”” YT dydyi 1 1 (1d i i
"T) Jpirdepr =P e Flen 1 en Y41 en—ytr 1)

(30)

Some difficult integrals have to be evaluated to obtain the sub-leading terms in (29). So we
limit ourselves to the leading order. Performing the same RG procedure as (27), we obtain

3n? m T\
= 1,00 —_
'Spe - 4k2 nepe |:l kC(TK) ] (31)



On the muliichannel Kondo mode! 4555

where pf® = dm/e%kp is the resistivity in the unitary limit and ks denotes the Fermi
wavevector which is related to the conduction electron density of states through o =
kgmef2m2, The T = 0 value of the resistivity and the exponent A have been reported [11]
and an exact expression for the resistivity for £ = 2 up to a constant factor ¢ has been derived
recently [16]. As in the exactly screened Kondo problem, the corresponding resistivity
decreases upon increasing temperature.

An important point is that, even at T = 0, there is still inelastic scattering. In
other words, the impurity spin together with its asymptotical screening cloud (see the
magnetization section) cannot be regarded as inmert. Let us see how the assnmption of
elastic scattering only at T = 0 would run into trouble. Following Noziéres [19], the total
resistivity can be divided into elastic and inelastic parts:

5pe = 8p8! 4 cos(2¢0)p]" (32)
where ¢y is the scattering phase shift at the Fermi energy. This separation is valid at least for

weak inelastic scattering, which would indeed be the case at low T if only elastic scattering
were present at T = 0. For elastic scattering, we could identify

pE(w=0,T=0) ~n P

S(S+1) ., ,

——— S1I
i1

which would lead to

n
do~ e (33)

The resistivity due to the elastic scattering can be calculated by using (27) as the scattering
rate. To leading order

o dw 3xin w\2
el 1,0 il
N= 1 .
5pe ( ) ./; 27T COSh2 CU/ET 4k’2ne Pe [ AO ( TK) ] (34)

Substituting {31), (33) and (34} into (32), we would obtain the inelastic contribution to the
resistivity, $pi" < 0, which certainly is impossible. This contradiction indicates that there
is both elastic and inelastic scattering at T = 0. For the two-channel case, &£ = 2, it has
been suggesied that there is actually only inelastic scattering [16].

Figure 2. Diagrams for the free energy. The full curve

+ —1 @ + _1 @ represents the bare conduction electron propagator, The
3 4 discs enciscling the self-energy symbols stand for the

conduction electron self-energies.
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6. Specific heat and entropy

To calculate the free energy, we can use the linked cluster theorem:

=]
F=F-Y U (35)
n=2
where Fp is the free energy of the non-interacting Fermi sea and a decoupled free impurity
spin. The diagrams for the first three U, are drawn in figure 2. The results, after completing
the Matsubara frequency summations,

G — €]
_ M fle) fle2) f(—es) . )
Uy = g k f de; des de ( (& — e )es — 02) + 2 permutations 37)

3
Uy = 6143%2 [ dey dezdesdes f(—€1) flez) f(€3) F(—€a)

1 1 — efla—c+ea—ep Ble—e) _ able—es)
X [ ( + 2 )] (38)

(&1 —eXea—ea)\a—a—€at+tea a-—atea—ea
As noted by Kondo [35], it is quite delicate to extract the linear-T terms in (37) and (38).
Here we follow the method used by Kondo and present the calculations only for the integrals
not calculated in [35].
The calculation of U, is simple and straightforward. The result is a constant plus T2
corrections. To calculate U3, we define a new integral I5:
D
I =f de, dey des fleDfle) f(—e)
- (€3 — €1)5(e3 — €25
where we have introduced the notation
1 X
o s 070
The § — 0 limit is taken after the integrations are completed. Kondo [35] showed

Us = 3—;’13%(13 - ') (39)
so we only sketch the calculation for I5:

_ b dey Jle)f(a)fia)
b= f derde;flenf(e) f_p @ = <)s(es — 20n f der dezdes e s — e

The first integral has no linear-T contribution which can be directly checked. Thus, up to
a constant term, we have

1 D
=3 f de1 dey des f(e1) F(e2) f(e3)
-D

1 1
X ((63 —€))s(e3 — €2)s + {61 — e2)sler — €3)s + (e2 — e1)s{ez —63)5)
__1r fla) F&) fEe)le — e2)* + (61 — es)e; — ex)]d
= f Qs derdes S e e L 97ll(es — )7 + Pll(e — es)2 + ]

2 D
== f _ der derdes (@) flen) Flex)iler = edler — )

2 D
_ _.’;_ f_Ddel Lfe)P = —nT
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Combining the above result with (39), we obtain
Us = constant — in;w2g*kT. (40)

Next we turn to Uy, which is calculated in a similar way. Defining a new function

L= f de; dey des deq £ (—€1) f (€2) F(e3) f ()

[ 1 ( 1 — gfla—ete—e) cﬂ(ez—ﬂ) — phtes—e) )]
X +
(1 —€)s(es —ea)s \(e1—~ €2 —e3+€)s (61— €+ €3 —eu)s
f(—e1) fle) fle3) f(—es)
=4 | de;deydes de
.[ PR T e — e)sles — €a)aler — €2 — €3 + €2);

then, following the same steps Kondo employed to prove (39), it is straightforward to show
that

3ﬂ| 453 3x2ni 472
Usg — —g k"l = ——g"k°T. 41
4T g 8N 37 (41)

It can be further verified that I4 has no contribution linear in T. Therefore

3
U, = constant + 32’ gteT. (42)

Substituting (40} and (42) into (35) and setting n; = 1 for simplicity, we obtain the free
energy shift due to the presence of the impurity spin:

Fup(T) = —Eg — TIn2+ n?T(kg® — 35%¢%) + O(g*0) (43)

where Ej is the ground-state energy.

Since the free energy shift is RG invariant up to an additive constant, we obtain the
scaling solution for the free energy shift at T — O after camrying out the standard RG
procedure

Fp(T) = —Ey — Tn2 + 1n?T (kgp(T) — 3K2gx (D))

2 T \24
= LI W U0 3 POV 34
= ;- (1n2— w) 3% T(TK) +OIT(T/T™]  (44)
where Ej is in general different from the Eq of (43). The impurity specific heat is
8% Fimp 3 2,2, ( T\**
Cimp= -r—t 3T? E.TI' § A E . (45)

The critical exponent, & = 2A, agrees with the previous result [9,25]. The impurity entropy
is reduced to a universal value [10]

2 2

Simp(T = 0) =102 — -;%zln(z—%). (46)

Actually, the correction to the entropy occurs only when one first takes the thermodynamic

limit A~ — co and then the limit T — 0. For a finite system, the integrals in U3 and

U, should be replaced by discrete momentum summations over the Brillouin zone, which

will not give rise to contributions linear in T to the free energy, and thus no correction

to the bare In2 term of the entropy. Therefore, the finite system always remains doubly
degenerate.
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Figure 3. Diagrams for the free energy in the
magnetic field.

7. Field-dependent magnetization

A natural question following the finite entropy is whether or not there is a corresponding
residual impurity spin. To answer this question we calculate the field-dependent impurity
magnetization defined as the total magnetization of the system subtracting the free Fermi
sea contribution. In the presence of an external magnetic field, the ieading-order diagrams
to the free energy are shown in figure 3. This is an infinite series. The diagram with [
vertices has a contribution

16 —o/2 ! —o’/2 !
8F = —ﬁT( b ( Zzlw,,—ek—ch) Z (iwm—iCOg"-O"ngh).

k w, = Wy O =k
@7
The momentum summation over the conduction band is readily carried out:
=g ” delfle + 1)~ fle— )] = ~2gh “8)
Nﬁ iwn_ek_o'h—'g -D - g

K., 0=k

where again f(e) is the Fermi-Dirac function. Summing up all the diagrams in figure 3
and using (48), the free energy shift due to the impurity spin is

—ogkh d! f(z)
unp(T h) Eaﬂ ZZ( ) f'|: dZ[H ] =ia)a+¢m.r}z.

o==% {=1

Introducing the primitive of f(z): du(z)/dz = f(z), the series can be summed:

Fimp(T, 1) = Y [ulieon + o ush — okgh/2) — u(iwg + o push)] .
o=t

The corresponding magnetization is

SM(T, ) = — 222 = (I-Ls - 525) tanh[ﬁh (us - 'f;—')] — tanh(Bush).

Adding to the above result the bare magnetization of the impurity spin, which just cancels
the second term of the above expression, we finally obtain

M(T,h)= (ﬂs — k?g) tanh[ﬁh(,us - %)] 49
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This is the leading-order temperature- and field-dependent magnetization.
In this section, we shall mainly consider the case @y = 1, i.e. an equal gyromagnetic
ratio. Expression (49) has the form characteristic of a reduced {ree spin:

M = Seitanh(Serrh/ T) Setr =1 —kg/2 = (¢" — 2)k/2.

The fact that Seir — O following a power law, as seen from (23), implies that the impurity
spin is completely screened only for the infinite system. A finite system of size L behaves
as if there is a partially screened spin Sey ~ L™ since there is 2 minimum energy unit
1/L to cut off the scaling. The asymptotic screening also suggests that the ground-state
degeneracy will be lified by any small magnetic field at T = 0. Using the Maxwell relation
85/0h = aM /9T, the leading-crder field-dependent entropy is

ko AM(T,h)
Simp(T, By =In2 dh/ —————=
1mp( )=In +L 3T
Bh|l—gk/2] x
=In2-—-[ dx — — 0 for T =0 h#0 (50)
0 cosh” x

We expect that this is true to any order. In particular, the entropy change, x2/(2k?), in the
next order (46) will be removed by the magnetic field.

From (49), we obtain the low-temperature magnetic susceptibility and its scaling
form [9,25]:

= kg 2_ kgr(T) ZT:IK ki Ly 24
s =8(1- ) =0 (1252} = (5) (7)) o1

indicating that the fixed point is a spin singlet since $2; ~ T Xigp(T) ~ T4 - O0as T — 0.
The spin is quenched very slowly compared with Szﬁ ~ T in the exactly screened case. Also
from (49), we determine the field dependence of the zero-temperature magnetization [9]:

MT=0h=1-ikg=1- ki“z(h—) = kg (n T (52)

This shows that the spin operator has the scaling dimension A.

Using the well known results for the bulk specific heat and magnetic susceptibility,
Cholx = 2kn?Tp/3 and xpux = 2ko respectively [36], the leading-order Wilson ratio is
determined from (45) and (51):

w = Ximp Cou _ GO/ THT/ Te)™ 3k’ Tp &2 (53)
Cimp Xbulk In22A(T/ Tg)2A 2kp 36

in agreement with the conformal field result {9]. The Wilson ratio is universal because the
only parameter having a possible dependence on the cut-off scheme is ¢, which cancels out.

For g # 1, the external magnetic field couples to an unconserved spin operator. The
magnetization will acquire an anomalous dimension and we shall discuss it in detail in

section 9.
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Figure 4, Diagrams for three dynamical spin correlation functions.

]
Figure 5. Analytic continuation in the complex
frequency plane carried out in the region outside a disc
9 of radius of order T.

8. Dynamical susceptibility

For the one-channel Kondo problem, it is well known that the impurity spin flips at a typical
rate of the Kondo temperature T. At T < T, the impurity spin is effectively inert leading
to a fixed point of local Fermi-liquid type described by a phase shift. To understand the
multichannel case, we calculate the dynamical spin susceptibility. As we shall see, the
typical spin flipping rate is given by the temperature.

We proceed as usual by first calculating the Matsubara spin-spin correlation function:

. 1 ) .
x(0) = ({Sx) - SO = 5 > xpGivg) e (54)

where v, = 2nm/8. To sub-leading order, the diagrams are shown in figure 4. The result
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of the calculation of these diagrams is
Xr(ivn) = 8,03 8[1 = g%k (In BD — In2 + Io)] — 2g°kK (iv,) (55)

where Ip = f;° dx[tanh(x /2)/x — 1/(1 + x)] = 0.125 and

—— b oeb de, dey fle) — f(e2) .
Kwa) = ./:D f—D (€3 ( -7 (61)5"'0)

— €3)% + v2 € — €
w _
= 'm“ = 8p0) + O(D7H. (56)

To understand the result just derived, let us consider x7(z) in the complex frequency plane
iv, — z outside a disc of radius of order T (figure 5). Knowing its values at a set of discrete
points on the imaginary axis, z = iv,, is enough to give a unique analytic continuation:
. 1 isgn(Imz
xp(ivy) = %:rrgzk— — %?tgzk—gL-—-)- 57y
| 4

where sgn(lm z) means taking the sign of the imaginary part of z. When z approaches the
real axis, z = @ + 18, xs(w +i8) = xp(w) +isgn(@) x7 (@), and we find

1
Xf (@) = %ng%;;. (58)

This is valid in the whole plane outside a disc of radius of order T. Theze is no energy scale
to cut off 1/ev dependence. Certainly for @ << T, this dependence should be flattened out as
seen from the v, = 0 part of (55). If we recall that in the exactly screened Kondo problem
(k = 28), xj(w)/o ~ 1/(w? + T2), we see that x//(») ~ 1/w, similar to (58) only when
@ > Tx. Since x{(w)/w is the spectral distribution function of the susceptibility, the system
gives sizable magnetic response only when all the contributions up to the energy scale Tk
are included. In other words, the impurity spin is effectively quenched on a timescale longer
than 1/Tyx. In the multichannel case, the role of Tk is played by the temperature T'! The
impurity is only marginally quenched since the timescale is 1/7.
In the other limit, @ « T, carrying out the analytic continuation as in [15], we find

X7 (@, T)
£ ~ T28-2
@

(59

Note that if us 3 1, the coupling of the nuclear magnetic moment to the impurity spin
dominates and (59) ts proportional to the NMR relaxation rate 1/7T. In the limit k > 1, a
local probe basically sees a nearly free impurity spin.

In the two-channel case, numerical work in the non-crossing approximation [7] and
the solution at a special Toulouse point [14] have found x{(w) ~ tanh(w/2T)/(w® + T).
The tanh{w/2T) term has also been produced by the conformal field theory method, and
is a property of the fixed point itself. It would be interesting to see if the remaining
Lorentzian form with width Tyx can be reproduced from the perturbation of the leading
irrelevant operator in the exact conformal field theory calculations. For k > 2, we do not
expect a Lorentzian form with finite width Tk for the following reason. The multiplicative
renormalization factor (Z,? of (68) at j1g = o0, see the next section) for x will bring in an
anomalous dimension «*® to (58). We see that x/(w) ~ &**~! for T < w < Ti. Since
2A = 4/(k + 2) < 1, this frequency dependence cannot be reconciled with a Lorentzian
form with a finite width.
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9. Magnetic susceptibility for p1g # 1

As well as the time-ordered impurity spin-spin correlation function studied in the last
section, we can also define

Xs(@> ©) = (FS(, 7) - Sz = 0)) = % 3 Xpelg wp)ee 60)

o 1 .
xe(g 7y = (TS, ) - S.0.0) = 2 Y Xelg, ivge™ ™" (61)

where the conduction electron spin operator is defined as

1
Se@ =732 ) ChuCuhian. (62)
k

ok

Amf,k
The Feynman diagrams for these two correlation functions are shown in figure 4 and
calculated in appendix B.

When the impurity spin has a different gyromagnetic ratio from the conduction electrons,

a uniform external magnetic field couples to an unconserved spin operator S, = §.(qg =
0) + usS. The magnetic susceptibility is then only RG invariant up to a multiplicative
renormalization factor

Ximp(T» & D) = [Za (g, gr(D")] timp(T> gr (D", D'} (63)

where Z; is the multiplicative renormalization factor for the operator Sy and we recall
gr(D)Y=g. If ug =1, then Z, = 1. The RG equation for x is

] a
[Da_o + ﬁ(g)a + 2y4 (3)} Ximp(T, g, D) =0 (64)

_ .3InZ,
vu(g) =D 3D (65)

The perturbative result for x to the sub-leading order can be found from the results of three
dynamical correlation functions calculated in the last section and appendix B:

Xiwp(T+ & D) = $[xol@ = 0, vy = 0} + 25 X5e(q = 0, v = 0) + p3xs (v = 0)]
= B{(us — 384)°[1 — g%k(n BD — In2 + o)) ~ g°k(s — gk) In2). (66)

The leading term of 5 {g) can be obtained from (66) using the same method of section 4:

U'S"l 2]{

= 67
u(8) s — ok (67)

Its value at the fixed point, y,(g*), gives the anomalous dimension of the operator 5.
The anomalous dimensions for the operators S and 8.(g = 0) are the limiting values at
s — oo and pg — 0 respectively.

To obtain the scaling solution, we first find the multiplicative renormalization factor

gR(DJ) r 2 ! 2
' ,n(g)) (gk—zus) ( gr(Dk —2 )
y D = d = '
Zy(8: gr(D)) cxp(fg ST gk —2 gr{(DYk — 2ug ©®
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Setting D’ = T in (63) and (68), we obtain the leading-order susceptibility (since we only
have the leading-order Z):

2
R 8,0) = (E225) ig(T. 8, Do, (©9)
gk—2
This is the main result of this section: the static magnetic response is the same, up to a
constant factor, whether or not the conduction electrons and the impurity spin have the
same gyromagnetic ratio. I believe that this conclusion remains true for all overscreened
Kondo problems, and even for the exactly screened case of &k = 1. If the initial starting
point belongs to the weak coupling g — 0

Ximp(T» & D) = p3 [ Ximp(T, &, D)ys=1- (70)

This is the well known result for all kinds of Kondo problem: the contribution to the
magnetization from the conduction electrons is suppressed by a factor of Tx /D compared
with that of the impurity spin [37]. Extending the treatment in this section to the field-
dependent magnetization and dynamical susceptibilities is straightforward.

10. Knight shift

The Knight shift gives a direct measurement of the spatial structure of the conduction
electron screening cloud. Considering an impurity spin sitting at the origin and a uniform
magnetic field k being applied to the system, the Knight shift measures the magnetization
in the space surrounding the impurity spin:

1 .
M) =3 ol , (e =xMh  x() =13 x(@T. (71)
= e

We implicitly assume that the free Fermi sea contribution to M (r) has been subtracted. The
result for the Knight shift is contained in the two dynamical correlation functions defined
in the last section:

X(@ = 3[xe(, vy = 0) + tsXre(q, ve = 0)). (72)
Using the results of appendix B, we find to sub-leading order in 1/k
gk I 2 1 2
x(@= —-Z-;I'Io(q){(us — 380)[1 ~ g%k(n D/T —In2 + )] — 31n2g"k}
In2

- Egzk(ﬂ:s — 1gk)i{q) (73}

1 fler) = f6rsq)
o(g) = ——— ) =0 < oHdr 74
o@ = ~—5 Zk: P (74)

1 2j\(2 Z tanh(ey /2T (f (ep) — flep+a)  Sflew)— f (Gk'+q)) (75)

2In2p 5 Sk ew €k — €k'+q €r — Eitagq

ITi(g) =

where Iy ~ 0.125, is given in the last section. We have included proper normalization
factors in the definitions of [To(q) and IT,(g) such that [lop{g =0) =1 and I1;(g =0) = 1.
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Note that the Fourier transform of [To(g) has the well known Friedel oscillation form in
space [38). The Fourler transform of I {g) should give similar spatial variation. From
the rotational syminetry, x{(q) can only depend on g = |g|. Furthermore, it is not difficult
to see that the two dimensionless functions 1o and I1; are only functions of ¢/kg. Their
Fourier transforms only depend on kpr, where r is the distance to the impurity spin.

The important feature of (73} is its logarithmic singularity in the temperature 7, no
matter what value is taken by g. One can also explicitly verify that x(g) satisfies the RG
equation:

3 3 T
[DE + ;B(g)-ig- + v(g) + [w;(g)]mo]x (k% 5 3) =0 (76)

where S(g) and y; (g} are given by (20) and (67) respectively. As can be seen from (73),
the actual functional form of x{g) is x{q,. T, D, g} = ¥(g/ke, T/D, g)/T where ¥ is a
dimensionless function. Nevertheless, the simplified notation of the functional dependence
of x(g) in (76} is harmless. The scaling solution can be found in a similar way to the last
section:

g T g
x(k—F, B,g) = Zu(g, gr(T))[ Zs (g, sr(TN] X (}5}: l,gn(T))- (77
Using the results for Z; and gg, we obtain to leading order

T k(gk —2

12 502) = EE Tt @) 78)
where Ximp(T) is the uniform susceptibility found in section 7. A knowledge of Z, to
sub-leading order could extend (78) to the next order. When Fourier transforming (78)
to real space, M(r) is a function of kgr. So the only length scale is 1/kr. Naively, the
appearance of a new energy scale T would imply a new length scale ve/ Tx. Thinking over
why it did not appear, we notice that a new length scale ve/ Tk 3> 1/kr would appear only
if the logarithmic singularity were cut off by vpg when vpg > T. This does not happen!
For kr > ¢q >» Tx/up, we essentially look at the conduction electron spin polarization
only 2 few lattice spacings away from the impurity spin. If there were a large screening
cloud with a length scale vg/ Tk, the screening of the impurity spin would not be complete
inside the screening cloud. This would imply that there is no Kondo effect for g 2> Ty /up
even if T/Tg — 0. On the contrary, we always find the In T singularity which implies
Kondo screening. The Jength scale of the screening cloud is 1/kp. This tells us that the
multichannel system is critical only in the time direction, not in the space direction.

Most generally, x (r) of (71) contains a non-oscillating part and an %" oscillating part
for which the ¢ dependences of x(g) near ¢ ~ 0 and g ~ 2k are responsible. The spatial
variation of the non-oscillating part is simple because TTg{g), T1,{g) and therefore x{g) all
have a well behaved ¢ dependence near g ~ (), and we can extend the above conclusion of
only one length scale 1/kg to all kinds of Kondo problem. In the k = 1 case, the effective
Kondo interaction flows to strong coupling at low energy. From the renormalization group
point of view, it means that summing up leading or sub-leading logarithmic series is no
longer enough to reach an energy scale below the Kondo temperature. But organizing the
perturbative expansion in the coupling constant g into successive logarithmic series (the first
term of each series has successively higher powers in g) according to the renormalization
group is still possible. This is equivalent to writing S{g) as an expansion in g. The
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occurrence of a strong-coupling fixed point means that we need all terms in the expansion
of B(g) to describe the low-energy behaviour. Supposing we could find all of them, we
would have a correct low-energy theory by summing up all the infinite number of terms.
The fact is that the infrared singularity is not cut off by veg. In other words, the logarithmic
series are in In7 but not in Ing. This fact does not change merely because we have to
include high-order logarithmic series. The mathematical expression of this fact is the scaling
equation (76) whose validity is not expected to be affected. The difference between all kinds
of Kondo problem, either overscreened, exactly screened or underscreened, amounts to the
different behaviour of gr(T) and Z,. In the scaling equation (76), the parameter g/ kg is
just an idle spectator of the screening process. The right-hand side of (77) only depends on
q/ke, T/Tx and possibly the initial coupling constant due to Z;. We see that vg/Tx will
never have the chance to appear as a length scale, Certainly, if the renormalization of an
effective interaction to strong coupling leads to a phase transition, the validity of the scaling
equation (76) may be affected by passing the transition. However, the impurity problem
has a dimension 0+ 1, prohibiting a phase transition (a first-order transition is possible, but
we know it is not there). Thus, our calculation provides an explicit analytical demonstration
that the screening cloud has a spatial size of order 1/kr, and agrees with the well known
experimental result [28].

11. Discussion

We have camried out a comprehensive study on the non-Fermi-liquid fixed point of the
multichannel Kondo model emphasizing several intriguing aspects. As the actual realization
of this mode! in heavy-fermion and metallic glassy systems is still an open question, a
thorough understanding of the model should be very helpful in devising new experimental
tests and making a comparison with experimental results. Part of the driving force behind the
recent resurgence of interest is the resemblance of its low-energy behaviour to the normal-
state properties of high-T; cuprates. This similarity has been further exploited recently [6]
arguing that a situation similar to the two-channel Kondo model is realized in the copper-
oxide plane.

An interesting follow-up subject is to study the possibility of the evolution of the local
non-Fermi-liquid fixed point into a coherent lattice one in an overscreened Kondo lattice,
especially in two or three dimensions. The first step is to study the two-channel-two-
impurity problem. This has been carried out using the numerical renormalization group
method [39). The one-impurity fixed point is found to be unstable against developing
correlations between the impurity spins. This is expected in view of the asymptotical
screening of the impurity spin and the residual entropy. One artificial way to suppress
magnetic correlations between impurity spins is to go to infinite dimensions. Unfortunately,
the presence of finite degeneracy on each site prevents development of true cohereace. In
any realistic situation, non-trivial magnetic correlations must intervene to lifi the residual
degeneracy of the impurity fixed point, If one wishes to follow the successful route of the
heavy-fermion theory from impurity to lattice once again, in the current intensive search
of non-Fermi-liquid models to describe the normal state of high-T; cuprates, only non-
degenerate fixed points of an impurity model have the chance to be a successful starting
point. Developments along this direction in the search of a promising impurity model have
been reported recently [40]. It is worthwhile mentioning that a quantum critical system with
a Fermi surface has a true coherent non-Fermi-liquid infrared fixed point in high dimensions.
An example is an electron gas coupled to a transverse gauge field, where a self-consistent
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solution of the infrared fixed point has been derived [41]. It is interesting to note that this
system is critical at T = 0 in 2D and 3D but without developing long-range order.
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Appendix A. Feynman rules

To be self-contained, we list the rules for constructing Feynman diagrams in the presence
of an external magnetic field. These rules also define our convention.

(i) For the contributions of nth order in the Kondo interaction, O(J"), draw all
topologically distinct diagrams with n vertices.
(i1} For each conduction electron propagator, draw a solid line:

k, i )] . _ 'auu
—-—-b——-—n = G;w(k, itwg) = i, — €k — Mh' (Al)

There is a summation over each momentum k& of the internal conduction electron
propagator. For each pseudofermion propagator, draw a broken line:

k,iw . =8y
o = gf?,}(lwn) = o — w0 — Hpoh (A2)
(iii) Each vertex is associated with a factor:

K, io!,, u iw),, V'

e

J Oy * Ouy B o,
_4Nﬁ Wi Vv Oyt Wy Tty (A3)
AN

\ I3

k,iwn, 1O, V

(iv) Each independent internal frequency is summed over.

(v) Each conduction electron loop contributes a factor —% and each pseudofermion loop
contributes a factor —1.

(vi) For a diagram of order J", there is a numerical factor; (number of different
connections)n!. This combinatorial factor will be given explicitly in the figures of this
paper for the diagrams we calculate.
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Appendix B, Dynamical spin-spin correlation functions

Three dynamical correlation functions have been defined in sections 8 and 9. To order
O(1) + O(1/k), their diagrams are shown in figure 4. Each diagram contains two external
vertices where the external spin operators reside. They are represented by two open ends at
the left and right sides. The external vertex at each end is joined by two propagators. If the
spin indices of these two propagators are oy and o2, the corresponding vertex is associated
with a vector of spin-% Matrices 84,q,. The two vectors of matrices from the two external
vertices at the two ends form a scalar product 8q,4, *8s,0,- In Xe, Only one of the two external
vertices has the two joining conduction electron propagators differing in their momenta by
g. At the other external vertex, the incoming and outgoing conduction electron momenta
are the same.
The result for xs(ivs) is given by (55). The resuits for the other two are

Xe(@, 1vn) = —8, 03 8kB{TTo(@)[1 ~ gk(In BD ~ 102 + Io)] + g In 21T, (q)}
+ (1 — 3n,0) Xseldg, iva) (B1)

3In2
=ESRATIG — (L~ hoxe@iv) B2

Xe(g, ive) = — n,ﬂ%gkae(Qv ivg) + 80

where Iy and IT; are defined in section 10, and for v, #£0

Xre(g: ivn) = §g7k[gkT1o(Q)K (iva) + 2K (g, ¥a) ~ 2L(g, iva)] ®3)
o 1 Fler) — flexw)

K(qg,iv) = p2N2 ;ﬁ; €k — Eprag €k — 6;;')2 + l’;% (B4)
o 1 flew) — fleriq)

L(g,ivs) = INZ § €k — € (€ — €g)? + V2 )

Note that K{(g = 0,1iv,) = K(iv,) is a generalization of K (iv,) defined by (56) to finite
g. In the expressions for xs. and x., we have dropped contributions of order 1/D to the
1, = 0 components comparing to the contributions of order g we kept.
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